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Cosmological relaxation models in which the relaxion is identified with the QCD axion, generically
fail to account for the smallness of the strong CP phase. We present a simple alternative solution to
this “relaxion CP problem” based on the Nelson-Barr mechanism. We take CP to be a symmetry of
the UV theory, and the relaxion to have no anomalous coupling with QCD. The non-zero vacuum
expectation value of the relaxion breaks CP spontaneously, and the resulting phase is mapped to
the Cabibbo-Kobayashi-Maskawa phase of the Standard Model. The extended Nelson-Barr quark
sector generates the relaxion “rolling” potential radiatively, relating the new physics scale with the
relaxion decay constant. With no new states within the reach of the LHC, our relaxion can still be
probed in a variety of astrophysical and cosmological processes, as well as in flavor experiments.
PACS numbers: 14.80.Mz (Axions and other Nambu-Goldstone bosons)
The large hierarchy between the electroweak (EW)
scale and the Planck scale, and the smallness of the
strong CP phase compared to the Cabibbo-Kobayashi-
Maskawa (CKM) phase are two of the main mysteries of
modern particle physics. In this paper, we show that the
two problems can be explained in a unified way by com-
bining the framework of cosmological relaxation [1] with
the Nelson-Barr (NB) mechanism [2–4].
The key feature of cosmological relaxation is to make
the Higgs mass dependent on the cosmological evolu-
tion of the relaxion. The relaxion is the pseudo Nambu-
Goldstone boson of a spontaneously broken abelian sym-
metry U(1)clock that gets explicitly broken by two se-
questered sectors with exponentially hierarchical charges.
These sectors feed into the relaxion potential, generating
exponentially different periodicities. After the relaxion
dynamics is resolved, the ratio of the two periodicities is
related to the hierarchy between the EW scale and the
UV cutoff, where extra new physics stabilizing the Higgs
mass is expected.
The structure of the relaxion potential forces it to get
a vacuum expectation value (VEV), introducing a CP vi-
olating phase in the theory [1, 5]. This property causes
the “relaxion CP problem” - the difficulty of identify-
ing the relaxion with the QCD axion, and connecting
the strong CP problem with the naturalness of the elec-
troweak scale. In this paper, we show that the relaxion
CP problem turns into a blessing if the large periodicity
of the relaxion potential is generated via a NB model,
such as the ones described in Refs. [6, 7].
Following the NB basic setup, we assume that the
UV theory preserves CP, and that the U(1)clock has zero
Adler-Bell-Jackiw (ABJ) anomaly with QCD. A discrete
symmetry ensures that the CP violating phase, controlled
by the relaxion VEV, is mapped into the CKM phase,
while the strong CP phase remains zero at tree-level. In
order to keep the strong CP phase below the bounds from
measurements of the neutron dipole moment [8], the NB
sector should be feebly coupled to the source of CP vio-
lation, so that radiative corrections are under control [7].
The NB relaxion solves the strong CP problem to-
gether with the hierarchy problem by means of the dy-
namics of a single light degree of freedom. This should
be contrasted with more conventional solutions of the
hierarchy problem, like Supersymmetry (SUSY) or Com-
positeness, where a tension with CP observables is often
present (see for example Refs. [9–12]), and the strong CP
problem is typically addressed by adding new degrees of
freedom disconnected from the Higgs sector.
Once the NB sector is specified, the relaxion potential
with large periodicity is computable, and the UV cutoff
gets connected to the relaxion decay constant. This pro-
vides a unique interplay between the LHC phenomenol-
ogy, bounding the UV cutoff from below, and the low en-
ergy phenomenology of the relaxion itself. We show how
the LHC bounds together with a successful solution of the
strong CP problem imply that the spontaneous breaking
of U(1)clock should happen at a high scale. As a conse-
quence, the NB relaxion phenomenology is generically
pretty elusive, even though a non negligible relaxion-
Higgs mixing can be probed in astrophysical and cos-
mological processes, and in flavor factories [5].
At the end of this letter, we discuss how the sponta-
neous breaking of U(1)clock at a high scale poses a “relax-
ion quality problem”, which is related to the theoretical
challenge of screening Planck-suppressed effects in order
to preserve the peculiar structure of the relaxion poten-
tial.
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2I. THE RELAXION CP PROBLEM
We start by reviewing the main ingredients of the re-
laxion construction. The relaxion potential gets contri-
butions from two different sectors: the “rolling” sector
and the “backreaction” sector, which we parametrize as
Vroll =µ
2(φ)H†H + λH(H†H)2 − r2rollΛ4H cos
φ
F
, (1)
µ2(φ) = κΛ2H − Λ2H cos
φ
F
, (2)
and
Vbr = −M2brH†H cos
φ
f
− r2brM4br cos
φ
f
, (3)
where H is the Standard Model (SM) Higgs doublet, and
φ is the relaxion. F is the “large” periodicity of the
rolling sector, f is the “small” periodicity of the backre-
action sector, ΛH is the UV cutoff of the Higgs effective
field theory, and Mbr parametrizes the mass threshold
controlling the backreaction potential. We also intro-
duced the coefficient κ . 1 in front of the UV threshold
to the Higgs mass, and the coefficients rroll and rbr which
account for the possible differences between the Higgs-
dependent contributions and the Higgs-independent con-
tributions in the relaxion potential. Both coefficients sat-
isfy rroll , rbr & 1/4pi . The lower bound on rroll can easily
be seen by closing the Higgs loop in the Higgs-dependent
contributions in Eq. (1), while we refer to Refs. [5, 13, 14]
for a discussion on how an analogous bound is obtained
for the backreaction sector.
During inflation, the relaxion rolls down the potential
from some initial field value φ . φc ≈ −|F cos−1 κ| ,
such that µ2(φ) > 0 . While rolling down, the relaxion
dissipates energy through Hubble friction. Once φ &
φc , µ
2(φ) < 0 and the SM Higgs doublet gets a VEV,
breaking the EW symmetry.
In the EW broken phase, the backreaction potential
Vbr should generate wiggles allowing the relaxion to stop
where the Higgs mass is at its measured value (see Ref. [1]
for further details). This requirement gives an upper
bound on the amplitude of the Higgs-independent contri-
bution to the backreaction potential, which can be trans-
lated into an upper bound on the backreaction scale
Mbr .
v
rbr
. 4piv . (4)
If the above condition is fulfilled, the relaxion stops at
φ0 = 〈φ〉 , where |µ(φ0)| = mh , and [13]
sin
φ0
f
∼ sin φ0
F
∼ O(1) , (5)
∂φV = 0 ⇒ ΛH
Λbr
∼
(
F
r2rollf
)1/4
, (6)
where Λbr =
√
Mbrv is the backreaction scale.
Eq. (6) shows that a large ratio between the Higgs bare
mass ΛH and Λbr can be achieved from a large ratio of
the periodicities F/f .
The so-called clockwork mechanism [15–17] gives a cal-
culable example where F/f  1 . This construction in-
troduces N+1 spontaneously broken abelian symmetries
at different sites of a moose diagram. The different sites
are connected by -suppressed operators, breaking ex-
plicitly N of the abelian symmetries. The full clockwork
potential is
Vclock =
N∑
j=0
−m2|Φj |2 + g2clock|Φj |4 + ∆Vclock , (7)
∆Vclock = −
N−1∑
j=0
[
Φ†jΦ
3
j+1 + h.c.
]
, (8)
where the symmetry breaking scale is f = m/gclock . By
taking   g2clock ∼ 1 , the radial modes can be decou-
pled, and we can write an effective action for the N + 1
angular modes pij by setting Φj =
f√
2
eipij/f . The -
suppressed operators induce masses m2j ≈ f2 for N an-
gular modes, stabilizing their VEVs at the origin. At the
bottom of the spectrum, we are left with a single massless
Nambu-Goldstone boson φ, which non-linearly realizes
the U(1)clock symmetry: pij → pij + 13j fα , φ→ φ+ fα .
Since the overlap of φ with the site j is suppressed
by 〈pij |φ〉 ≈ 1/3j , introducing an explicit breaking of
U(1)clock at the site j generates a potential for φ with
periodicity of order 3jf . The desired hierarchy between
the periodicities of the relaxion potential is then achieved
by putting the backreaction sector at the 0-th site, and
the rolling sector at the N -th site. All in all, we get
F/f ≈ 3N .
As first discussed in Ref. [1], by requiring a successful
cosmological evolution for the relaxion, one gets a bound
on the UV cutoff scale 1
ΛH .
(
MPl
rroll
)1/2
·
(
Λ4br
f
)1/6
(9)
. 109 GeV ·
(
1/4pi
rroll
)1/2
·
(
109 GeV
f
)1/6
·
(
Λbr
mh
)2/3
,
where to obtain the second inequality, we saturated both
the upper bound on Λbr and the lower bound on rroll.
From Eq. (6), we see that to get ΛH ∼ 109 GeV , one
needs roughly 50 clockwork sites.
Let us further comment on Eq. (5), which is at the
origin of the relaxion CP problem. This is a generic
1 This bound characterizes relaxion scenarios where the Hubble
friction during inflation is the main source of energy dissipa-
tion, and can be circumvented if other sources of energy dissipa-
tion, like for example particle production, become dominant (see
Refs. [62–64]).
3prediction of the relaxion setup, which is intimately re-
lated to its dynamics. Indeed, having |µ(φ0)| = mh at
the stopping point implies φ0 ≈ F . Therefore, a phase
θN ≡ φ0F ∼ O(1) is always induced by the rolling poten-
tial at the N -th site of the clockwork. Generically, this
gives also a phase θ0 ≡ φ0f ∼ O(1) (modulo 2pi) at the
0-th site. Therefore, if the relaxion is identified with the
QCD axion, and the backreaction potential is generated
through a non-zero ABJ anomaly of U(1)clock with QCD,
we have Λbr ∼ (vΛ3QCD)1/4 , and the O(1) phase θ0 in-
duces a QCD θ-angle of O(1), which is experimentally
excluded. Notice that in the QCD case, Vbr depends lin-
early on the EW scale v through the Gell-Mann-Oakes-
Renner relation for the pion mass squared [18], and the
parametrization in Eq. (3) breaks down.
If one insists on generating Vbr via QCD, the relax-
ion cosmological dynamics should be modified in order
to circumvent Eq. (5), and solve the strong CP problem.
This is the approach followed in Ref. [1], and more re-
cently in Refs. [19, 20]. A trivial solution of the relaxion
CP problem is instead to assume U(1)clock to be anomaly
free with respect to QCD, and to generate the backreac-
tion potential otherwise 2. However, this approach leaves
generically the strong CP problem unaddressed, reducing
the appeal of the original relaxion proposal.
In what follows, we show a third type of solution
which assumes CP to be a symmetry of the UV theory,
and U(1)clock to be anomaly free. The rolling poten-
tial is generated by a NB sector like the one presented
in Refs. [6, 7], the phase θN is mapped into the CKM
phase, and the strong CP problem is solved without mod-
ifying the standard relaxion dynamics. As a small draw-
back, the backreaction sector becomes less minimal - it
requires extra states below 4piv, and rbr in Eq. (3) to be
small enough to suppress the Higgs-independent wiggles
(see Refs. [1, 13, 14, 21] for different examples of working
backreaction models).
II. THE NELSON-BARR RELAXION
We now present a simple implementation of the NB
relaxion. The NB sector is borrowed from Ref. [6]
LNB =
[
yψi ΦN +y˜
ψ
i Φ
∗
N
]
ψuci + µψψ
c + h.c. , (10)
where we use a basis in which all couplings are real. The
SM up sector, LY u = Y uijHQiucj + h.c., gets extended by
two additional vector-like Weyl fermions, ψ and ψc, in
the fundamental and anti-fundamental of SU(3)C , and
with opposite hypercharges ±2/3. The single complex
2 This includes also the setup presented in Ref. [62], where the
EW scale is selected by the particle production mechanism, and
there is no need for a backreaction sector at all.
scalar that breaks CP spontaneously in the NB model
of Ref. [6] is here identified with ΦN at the N -th site of
the clockwork moose diagram. The U(1)N gets explicitly
broken by the interactions of ΦN .
The structure of the renormalizable couplings of ΦN in
Eq. (10) is enforced by a Z2 symmetry under which ΦN ,
ψ, and ψc are charged. This discrete symmetry forbids
operators like ΦNψψ
c and HQψc, and is spontaneously
broken by the VEV of ΦN . Through the portal in Eq. (8),
all the scalars VEV in the clockwork chain will break the
Z2 symmetry spontaneously.
In our minimal setup, the rolling potential for the re-
laxion φ is generated from Eq. (10). Matching to the
potential in Eq. (1), we get
ΛH ∼
√
yψi y˜
ψ
j (Y
u†Y u)ij
4pi
f , (11)
rroll ∼
4pigclock
√
yψk y˜
ψ
k
yψi y˜
ψ
j (Y
u†Y u)ij
, (12)
where gclock is the clockwork coupling of Eq. (7). In the
presence of the backreaction potential, the relaxion stops
where θN ∼ O(1) , as dictated by Eq. (5). Setting ΦN
to its VEV, we can define Bi =
f√
2
(
yψi e
iθN + y˜ψi e
−iθN
)
.
The 4× 4 mass matrix of the up quarks at tree-level is
Mu =
(
(µ)1×1 (B)1×3
(0)3×1 (vY u)3×3
)
, (13)
so that, even though the above mass matrix is complex,
we find θ¯QCD = Arg(det(M
d)) + Arg(µ · det(vY u)) = 0 .
Integrating out the heavy quarks for µ2 + BiB
∗
i  v2
(where here and below i, j, k, ` = 1..3 are flavor indices),
we find the effective 3 × 3 mass squared of the SM up
quark sector:[
MueffM
u†
eff
]
ij
∼ v2Y uikY u∗jk −
v2Y uikB
∗
kB`Y
u∗
j`
µ2 + |B|2 . (14)
The phase in the unitary matrix V Lu , which diagonalizes
the matrix in Eq. (14), would lead to a phase, δCKM, in
the CKM matrix, VCKM = V
L†
u V
L
d . It is straightforward
to show that in the limit |~yψ × ~˜yψ|/|~yψ + ~˜yψ|2  1 ,
the CKM phase vanishes. To ensure δCKM ∼ O(1) ,
we assume for simplicity yψi ∼ y˜ψi ∼ yψ for all i, and
v < µ . |Bi| ∼ |yψ|f . The latter requirement can be,
in principle, relaxed, since µ is a technically natural pa-
rameter which can be set within a large range of values
between v and yψf . In the limit where µ  |Bi| , one
of the eigenvalues of the up quark mass matrix squared
in Eq. (14) is suppressed by µ2/|Bi|2 , and can possibly
address part of the flavor puzzle (say accounting for the
smallness of the up quark mass). We leave a study of
this possibility for future work, and take µ ∼ |Bi| .
A careful analysis of the radiative corrections to our
construction is left to the supplementary material. Our
4main results are in agreement with Ref. [7], since the
leading order deviation from the NB construction are
captured by the same set of higher dimensional opera-
tors. The strong experimental upper bound on θ¯QCD
translates into an upper bound on yψi and y˜
ψ
i :
∆θ¯UVQCD . 10−10 ⇒ |yψi | ∼ |y˜ψi | . 10−2, 10−4 . (15)
We quote above two bounds, depending on the fla-
vor structure assumed - the weaker [stronger] is related
to models with minimal flavor violation (MFV) [quasi-
diagonal] structure (see auxiliary material for details).
As we will see in the next section, this bound will have
important consequences on the parameter space of the
NB relaxion.
In our construction, the cut off of the Higgs sector
is much smaller than the one of the clockwork theory,
ΛH  Λf . Our analysis of the radiative stability of the
NB construction does not include higher dimensional op-
erators arising at the IR threshold ΛH . These contribu-
tions are model dependent, and could, in principle, lead
to bigger contributions to ∆θ¯QCD than the ones consid-
ered here. A proper estimation would require a concrete
UV completion of the NB relaxion, embedding the Higgs
IR threshold, ΛH , in a full model of SUSY or Composite-
ness. These UV completions are challenging, and beyond
the scope of this work (see Refs. [22–24] for attempts of
relaxion UV completions, and also Refs. [7, 25, 26] for
SUSY or Composite UV complete NB models).
Within our simple model, the radiative contributions
to ∆θ¯QCD of the new states at ΛH can be subleading
with respect to the ones considered here if the interac-
tions of these states with the clockwork chain are sup-
pressed enough. A better solution would be instead to
modify the NB construction by softening the breaking
of the U(1)clock, such that the cutoff scale of the rolling
potential is sequestered with respect to f (this can be
achieved in models like the ones in Ref. [13]). With such
a construction, one could possibly achieve ΛH ∼ Λf , sup-
pressing the higher dimensional operators at ΛH as much
as the ones we considered here. We leave this matter
for future investigations, and focus here on the simplest
possible model, where we introduce a brute force explicit
breaking of the U(1)N , like in Eq. (10), which leads to the
“quadratically-divergent” rolling potential of Eq. (12).
III. PHENOMENOLOGY
We now assess the parameter space of the NB relaxion,
and study its phenomenology. In our minimal setup, the
rolling potential is generated from the NB sector at the
N -th site. As explained above, this implies that the cutoff
ΛH is related to the scale f . Taking Eq. (11) at face
value, given a lower bound on the new physics scale ΛH &
5 TeV, and the upper bound on the explicit breaking of
the U(1)N in Eq. (15), we get
fmin =
(
107, 109
)
GeV ·
(
ΛH
5 TeV
)
·
(
10−2, 10−4
)√
yψ y˜ψ
, (16)
where the weaker (stronger) lower bound is related
to models with MFV (quasi-diagonal) flavor structure.
From now on, we are going to focus on the MFV param-
eter space, which is presented in Fig. 1, and leave the
discussion on the quasi-diagonal case for the additional
material.
The mass of the relaxion is controlled by the back-
reaction scale mφ ≈ Λ2br/f , so that the upper bound
in Eq. (4) gives an upper bound on the relaxion mass,
which reads mmaxφ = 20 MeV · 5 TeVΛH ·
√
yψ y˜ψ
10−2 . The
constraint in Eq. (9), coming from a successful relax-
ion cosmology, gives instead a lower bound on the re-
laxion mass mminφ = 2 · 10−6 eV ·
(
ΛH
5 TeV
)5/2 · 10−2√
yψ y˜ψ
.
The three constraints above explain the boundaries of
the allowed triangle in Fig. 1. The maximal allowed de-
cay constant is achieved for mminφ = m
max
φ , and reads
fmax = 3·1010 GeV·
(
10−2√
yψ y˜ψ
)3/7
. The available param-
eter space shrinks for smaller
√
yψ y˜ψ until fmax ≈ fmin,
and there is no more parameter space left. This happens
for
√
yψ y˜ψ ∼ 10−9, which can be taken as the minimal
amount of U(1)N breaking in our setup.
Through the backreaction sector, a relaxion-Higgs mix-
ing is generated. The mixing angle, sin θ ≈ 7 · 10−7 fGeV ·
m2φ
GeV2
, is plotted as red contours in Fig. 1. Within our
range of parameters, the relaxion is always long-lived
on detector scale (being lighter than 20 MeV, its dom-
inant decay modes are into electron and photon pairs,
which are heavily suppressed). Following the analysis
in Ref. [5], we plot in Fig. 1 an exclusion band which
comes from astrophysical probes [27–30], and flavor ex-
periments [31]. More details are given in the supplemen-
tary material.
In principle, another interesting feature of our setup
is the changing of δCKM ≈ 〈φ〉/F during the relaxion
rolling. However, this would hardly lead to observable
effects, unless the flavor suppression of the SM CP viola-
tion is somehow reduced [32].
IV. QUALITY PROBLEMS
The spontaneous breaking of the global U(1)clock at
a high scale introduces a “relaxion quality problem”,
which shares some similarities with the “axion quality
problem” discussed in Ref. [33]. The basic issue is that
gravity is not expected to respect any global symme-
try, as suggested by many theoretical arguments [34–
37]. As a consequence, gravity-induced higher dimen-
sional operators would generically break the U(1)clock,
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FIG. 1: The white region shows the allowed parameter space of the Nelson-Barr relaxion. The black dashed contours give the
number of clockwork sites, the red dot-dashed contours correspond to the relaxion-Higgs mixing, and the thin blue contours
indicate the minimal dimension of the Planck-suppressed operators that should be forbidden. The colored-shaded region com-
bines current constraints from astrophysics [27–30], Extragalactic Background Light [5], and flavor-violating Kaon decays [31]
(see Appendix for further details).
generating a potential for the relaxion. The most dan-
gerous gravity contributions to the potential are the ones
controlled by operators like
Φ4+∆0
M∆Pl
, with ∆ ≥ 1 (see
Ref. [38] for an early discussion on the quality problem
of the clockwork construction). These operators gener-
ate ∆Vgrav ∼ f
4+∆
M∆Pl
cos ∆φf , which, being independent of
the Higgs VEV, should be smaller than the backreaction
potential in Eq. (3) in order for the relaxion mechanism
to work 3. By imposing ∆Vgrav . Vbr together with
Eq. (4) and Eq. (16), we get ∆&
[
4 log
Λbr
f
log fMPl
]
≈ 2 , which
implies that gravity-induced operators up to dimension 6
should be forbidden. This is a generic problem of every
relaxion model with high decay constant f . Since impos-
ing gauged ZN symmetries on the gravity theory seems
challenging in the clockwork setup, the only way of ad-
dressing this problem would be to build a UV completion
where the U(1)clock is an accidental symmetry emerging
in the infrared as a result of the UV gauge symmetries.
This last possibility has been explored in the context of
clockwork constructions in Refs. [17, 39].
3 The breaking of global symmetries arises already at the pertur-
bative level in calculable string theory setups (see Ref. [65]). For
this reason, we parametrize the breaking of the global symmetry
by local Planck-suppressed operators. We refer to Ref. [66] for
a discussion on subleading non-perturbative contributions from
gravitational instantons.
The NB sector of our construction can also be affected
by gravity-induced higher dimensional operators. These
operators evade our power counting because they are not
controlled by powers of yψ, and they break MFV, lead-
ing to dangerous contributions to θ¯QCD. If dimension 5
operators are forbidden, the effects of dimension 6 oper-
ators are already small enough for f ∼ 109 GeV to guar-
antee a successful NB mechanism. Of course, raising f
would make the screening of Planck-suppressed opera-
tors more challenging, making it necessary to embed the
NB construction in a gauge theory where the CP vio-
lating phase arises from a condensate (see for example
Refs. [26, 40, 41]).
V. CONCLUSIONS
The main lesson of this work is that combining the re-
laxion mechanism with the Nelson-Barr (NB) construc-
tion leads to two positive outcomes: (i) the “relaxion CP
problem”, induced by the O(1) CP phase of the relax-
ion vacuum expectation value, is solved; (ii) the relaxion
CP phase becomes the origin of the Cabibbo-Kobayashi-
Maskawa (CKM) phase. Our model serves as an exis-
tence proof of the NB relaxion setup, focusing on the
simplest possible implementation, which captures some
generic features of the construction. We showed how the
NB sector provides the relaxion “rolling” potential, con-
necting the relaxion decay constant with the cutoff scale,
where new physics stabilizing the Higgs mass is expected.
Within our setup, the cosmological evolution of the re-
6laxion is kept as minimal as in the original proposal [1].
This should be contrasted with other proposals to solve
the relaxion CP problem, which either require the re-
laxion potential to be modified after inflation [1], or the
classical evolution of the relaxion to be overcome by its
large quantum fluctuations [19].
A feeble coupling between the NB sector and the relax-
ion seems necessary in order to guarantee the success of
the construction. This makes the relaxion detection chal-
lenging, even though signatures are expected for maximal
backreaction scale in astrophysical and cosmological ob-
servables, and Kaon experiments.
Breaking the U(1)clock at a high scale introduces the
theoretical difficulty of protecting the entire construction
from Planck-suppressed operators. It would be interest-
ing to see if any of these problems can be ameliorated
in more elaborate versions of the NB relaxion, which in-
clude Supersymmetry or Compositeness to stabilize the
UV cutoff (see Refs. [7, 26] for a discussion on the NB
mechanism in these frameworks).
The whole NB construction is deeply connected to the
flavor texture of the quark mass matrix. It is then tempt-
ing to think about embedding the NB relaxion in a full
model of flavor, where the U(1)clock plays the role of
a horizontal flavor symmetry, and the mass hierarchies
and structure of the CKM are explained a` la Froggatt-
Nielsen [42]. We will show how this can be done in a
companion paper [21].
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Appendix A: Radiative Stability of Nelson-Barr
We comment here on the radiative stability of the NB
construction we presented. Dangerous radiative correc-
tions can be parametrized in a shift of the mass ma-
trix of the up sector, that we schematically write as
Mu →Mu + ∆Mu , where ∆Mu Mu is
∆Mu ≡
(
(δµ)1×1 (δB)1×3(
vδY ψ
c)
3×1 (vδY
u)3×3
)
, (A1)
and its contribution to θ¯QCD reads
∆θ¯QCD ≈ Im
[
Tr
(
(Mu)
−1
∆Mu
)]
. (A2)
Z2 U (1)N U (1)ψ U (1)µ
ΦN - -1 0 0
ψ - 0 1 0
ψc - 0 -1 1
yψi + 1 -1 0
y˜ψi + -1 -1 0
µ + 0 0 -1
TABLE I: Charges of the spontaneously broken Z2. Spurion
charge assignment for the three broken U(1) symmetries con-
trolling the radiative corrections
There are three different types of contributions
δθ¯1 = Im
[
µ−1δµ
]
, (A3)
δθ¯2 = −Im
{
Tr
[
µ−1B (Y u)−1 δY ψ
c
]}
, (A4)
δθ¯3 = Im
{
Tr
[
(Y u)
−1
δY u
]}
. (A5)
By promoting the couplings yψi , y˜
ψ
j , and µ to spurions,
one can see from Table I that there is a (set of) charge
assignment(s) of three U(1)’s, acting non-trivially on ΦN
and the vector-like fermions. By assuming that the full
theory respects the same selection rules, we can para-
metrically estimate by spurion counting the leading order
contributions to θ¯QCD.
We first estimate the contributions from inte-
grating out the clockwork scalar chain. Inspect-
ing Table I, we conclude that the O(yψ y˜ψ) con-
tributions to Eq. (A3) should be proportional to
Im
[
yψi y˜
ψ∗
i 〈ΦN 〉2+yψ∗i y˜ψi 〈Φ∗N 〉2
]
= 0 , where we have used
the fact that our Lagrangian is invariant under the in-
terchange
(
yψi ,ΦN
)
↔
(
y˜ψi ,Φ
∗
N
)
. The contributions to
Eq. (A4) and Eq. (A5) similarly vanish at the same order,
and no misalignment can be produced to get a non-zero
phase.
Our spurion analysis is in agreement with the explicit
computation of Refs. [6, 7], which shows that the first
dangerous loop corrections in this model are controlled
by Higgs-portal operators like H†HΦ2N . These are gen-
erated at 1-loop in our setup, together with the rolling
potential for the relaxion, only after integrating out the
heavy quarks. As a consequence, the leading contribu-
tions to Eqs. (A3-A5) arise at 2-loops, and their sum
scales as
∆θ¯clockQCD ∼
(yψ y˜ψ)2
256pi4
|〈ΦN 〉|2
m2
sin (2θN ) , (A6)
where m is the mass of the radial mode in the clockwork
construction. The upper bound on θ¯QCD translates into
an upper bound on the explicit breaking of the U(1)N :
∆θ¯clockQCD . 10−10 ⇒ |yψ| ∼ |y˜ψ| . 10−2 . (A7)
We now consider the effects of higher dimensional op-
erators. The leading order higher dimensional operators
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FIG. 2: The white region shows the allowed parameter space of the Nelson-Barr (NB) relaxion, in the (mφ , f) plane. The
black dashed contours indicate the number of clockwork sites required to achieve the desired hierarchy. The red dot-dashed
contours indicate the mixing between the relaxion and the SM Higgs. The thin blue contours indicate the minimal dimension
of the Planck-suppressed operators that should be forbidden.
generated at the cutoff scale of the clockwork theory,
Λf ∼ 4pif , are
LUV ⊃
y˜ψ∗j
16pi2
[
yψi αijµ
Φ2N
f2
ψψc + βkjµ
ΦN
f2
HQkψ
c
+yψi γk`ij
Φ2N
f2
HQku
c
`
]
+ h.c. , (A8)
and other operators obtained by interchanging(
yψi ,ΦN
)
↔
(
y˜ψi ,Φ
∗
N
)
. The first operator induces a
contribution to θ¯QCD which can be directly estimated
through Eq. (A3)
∆θ¯UVQCD∼
αij
16pi2
(
yψi y˜
ψ
j − yψj y˜ψi
) |〈ΦN 〉|2
f2
sin (2θN ) , (A9)
and we again assumed the UV Lagrangian to be invari-
ant under the interchange
(
yψi ,ΦN
)
↔
(
y˜ψi ,Φ
∗
N
)
. In
realizations of Minimal Flavor Violation (MFV) [43], the
coefficient αij is either proportional to the identity or to
powers of (Y u†Y u)ij . In either cases, the contribution to
∆θ¯UVQCD in Eq. (A9) vanishes. Higher power in (Y
d†Y d)ij
might lead to violations of this scaling [44, 45], but will be
highly suppressed. An analogous reasoning applies to the
operators controlled by β and γ, so that the contribution
to ∆θ¯UVQCD at leading order in y
ψ
[i y˜
ψ
j] identically vanishes.
The first non-zero contribution is then of order O(y4ψ),
and hence suppressed compared to the generic case as in
Eq. (A7).
Notice that the other two operators in Eq. (A8) give
contributions of the same order of the ones from Eq. (A9)
only because the factors (Y u)
−1
β and (Y u)
−1
γ, in
Eq. (A4) and Eq. (A5), do not lead to any enhancement
in MFV scenarios. More generally, this enhancement is
not present in a large class of flavor models where the
couplings of the first two generations are suppressed, re-
sulting in quasi-diagonal textures. This is the case in
various U(2) models, in U(1) horizontal models, and in
models where the flavor puzzle is addressed through hi-
erarchies in the anomalous dimensions (for a discussion,
see e.g. Refs. [45–51] and Refs. therein). In this class
of models, the contributions of order O(y2ψ), such as the
ones in Eq. (A9), do not vanish, resulting in the stronger
bound yψ . 10−4 .
Appendix B: More details on the phenomenology
The flavor-violating invisible decay of the Kaon is
bounded at the 90% CL to be BR(K+ → pi + φ) <
7.3 · 10−11 by combined data from E787 and E949 ex-
periments [31]. The astrophysical constraints arise from
energy loss arguments for the SN1987a supernova. As
first proposed in Ref. [27], we require the cooling rate into
relaxion to be less than 6 · 1055 GeV/s. We neglect pos-
sible uncertainties coming from the modeling of the neu-
trino emission from the collapse (see Refs. [52–54]). This
bound suffers also from large systematical uncertainties
due to the poorly known parameters of the supernova,
like its temperature, its core radius, and the neutron den-
sity (we fix them, following Ref. [55], to T = 60 MeV ,
Rcore = 10 km , and ρn = 3 · 1014 g/cm3). A more recent
8analysis [30] addresses these uncertainties, strengthening
the robustness of this bound.
Further bounds can be derived from cooling rate of
the Sun, Horizontal Branch stars, and Red Giants [29,
56]. The late decays of the relaxion can also affect the
diffuse Extragalactic Background Light, first computed
in Ref. [5]. Present fifth force experiments [57–61] do not
have the sensitivity of probing a sub-eV mediation with
mixing with the SM Higgs smaller than 10−15.
We finally present, for completeness, the allowed pa-
rameter space for the NB relaxion when the Wilson co-
efficients of the higher dimensional operators in Eq. (A8)
do not satisfy MFV, but have quasi-diagonal texture.
The upper bound on the spurions yψi and y˜
ψ
j is two or-
ders of magnitude stronger in this case, resulting in a
higher decay constant, 109 GeV · ΛH5 TeV · 10
−4√
yψ y˜ψ
. f .
2 · 1011 GeV ·
(
10−4√
yψ y˜ψ
)3/7
. The mass range of the NB
relaxion is then 2 · 10−4 eV · ( ΛH5 TeV)5/2 · 10−4√yψ y˜ψ . mφ .
0.2 MeV · 5 TeVΛH ·
√
yψ y˜ψ
10−4 . The available parameter space
is presented in Fig. 2.
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